In this paper we prove that all manifolds with affine connection are globally projectively equivalent to some space with equiaffine connection (equiaffine manifold). These manifolds are characterised by a symmetric Ricci tensor.
Introduction
Diffeomorphisms between two spaces A n andĀ n with affine connection are called geodesic, if any geodesic of A n is mapped to a geodesic ofĀ n , see for example [1] - [15] , etc.
Affine (or trivial geodesic) mappings are mappings which preserve canonical parameters of geodesics. Many papers are devoted to the metrizability or projective metrizability of spaces with affine connection. Under metrizability of a space A n we understand the existence of a metric g, which generates the affine connection ∇, such that ∇ is the Levi-Civita connection of g (for which ∇g = 0), see [1, 2, 3, 10] . On the other hand, the problem of metrizability, respectively projective metrizability, is equivalent to that of affine, respectively geodesic, mappings of a space A n with affine connection onto (pseudo-) Riemannian spaces.
Equiaffine spaces, characterised by the symmetry of the Ricci tensor, are spaces in which the volume of an n dimensional parallelepiped is invariant under parallel transport, play an important role in the theory of geodesic mappings. J. Mikeš and V.E. Berezovski [7, 10] found fundamental equations of geodesic mappings of equiaffine spaces onto (pseudo-) Riemannian spaces in the form of systems of linear partial differential equations of Cauchy type in terms of covariant derivatives. These results were used for further studies by M.G. Eastwood and V. Matveev [1] .
In the paper [9] by I. Hinterleitner, J. Mikeš and V.A. Kiosak it was proved that any space with affine connection is locally projective equiaffine. We show that these properties hold globally, i.e. any arbitrary manifold with affine connection globally admits geodesic mappings onto some equiaffine manifold.
For this reason the solution of the problem of the projective metrizability of a space A n (or equivalently of geodesic mappings of A n onto (pseudo-) Riemannian manifoldsV n ) can be realized as geodesic mapping of the equiaffine spaceÃ n , which is projectively equivalent to the given space A n .
Main properties of geodesic mappings
Let A n = (M, ∇) be a manifold M with affine connection ∇. We suppose that ∇ is torsion-free, i.e.
Here and after X, Y, . . . are tangent vectors.
The curvature R of a manifold A n is a tensor field of type (1, 3) defined by
called sometimes also the Riemannian tensor of the connection. We can introduce the Ricci tensor Ric of type (0, 2) as a trace of a linear map, namely:
A manifold A n with a torsion-free (symmetric) affine connection is called equiaffine manifold, if the Ricci tensor is symmetric , i.e. ( [10, 11, 14] )
Ric(X, Y ) = Ric(Y, X).
It is known [10, 11, 14] that (pseudo-) Riemannian spaces are equiaffine manifolds.
A manifold A n = (M, ∇) with affine connection admits a geodesic mapping ontoĀ n = (M,∇), if and only if the Levi-Civita equation holds [1, 3, 10, 14] :
where ∇ and∇ are the affine connections of A n andĀ n respectively, and ψ is a linear form. Geodesic mappings with ψ ≡ 0 are trivial or affine.
After applying formula (1) for the curvature tensor and expression (2) to a geodesic mapping A n →Ā n we found a relationship between the curvature tensors R andR of A n andĀ n :
where
By contraction of (3) we obtain the following relation for the Ricci tensors
Main results
Suppose A n ∈ C 1 , i.e. the components of the affine connection ∇ of A n are functions of type C 1 on all charts of the manifold M. In our paper [9] we proved that any manifold A n with affine connection is locally projectively equiaffine.
The following theorem holds generally: Theorem All manifolds A n with affine connection are projectively equiaffine.
Remark. In other words, an arbitrary manifold A n ∈ C 1 admits a global geodesic mapping onto an equiaffine manifoldĀ n , and moreowerĀ n ∈ C 1 .
Proof. We prove the existence of a geodesic mapping of A n = (M, ∇) ∈ C 1 onto an equiaffine manifoldĀ n = (M,∇). It is known that on the manifold M exists globally a metric, sayg. Now we can construct the metricg so thatg ∈ C 2 , i.e. the componentsg ij ofg in a coordinate domain of M are functions of type C 2 . We denote by∇ the Levi-Civita connection ofg.
We construct the one-form ψ in the following way
With the help of formula (2) applied to ψ we construct globally the affine connection∇ on M. It is evident that A n is geodesically mapped ontoĀ n = (M,∇), and, evidently,Ā n ∈ C 1 . Now we prove thatĀ n is equiaffine. It is sufficient to calculate that
whereRic is the Ricci tensor ofĀ n .
From (5) follows
where Ric is the Ricci tensor of A n . Further we use relation (4):
Ric(X, Y ) − Ric(Y, X) + (n + 1)(∇ Y ψ(X) − ∇ X ψ(Y )) = 0.
After using (4) and (6) we can see that this equation holds identically.
Remark. The equiaffine connection∇ constructed in this way is constructed explicitly from the original connection ∇.
Similarly it could be shown that a manifold with projective connection admits a geodesic mapping onto a manifold with equiaffine connection.
